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Homotopy moves

‣ Theorem: 9,:"%4+;6<"%()=6"$,"*>6"?43,6"%3,"@6";$A?4$B6<"
(;$,C"!"#$%&'"$()*'+",- ">+A+*+?:"A+=6;D 
34(#.'.(5+67689+:"#;&'/#*+67<89+:"#;&'/#*+=*.>>?+67<@9+A#./#-#.?(#*+67<@9 
B*&C?D'+67E79+:'>#'#'(+67EE9+:'>#'#'(+6776F

1! 8 E! 8 7! 7

How many?



Previous results

‣ O(! 2)">+A+*+?:"A+=6;"3)6"34F3:;";(GB%$6,* 
3"#$%!%#&'()(*G+B*H'I&0-+678@G+J*&'K.?L67@6G+J#D+67EMG+N*0#-$#*+67E7G+O#>(#*+67E7G+
+$,'-.,/0!'())12 +P&??+&'/+4KD((+677QG+RD1.2+<SSSG+TF+

‣ Ω(! )">+A+*+?:"A+=6;"3)6";+A6*$A6;",6%6;;3):  
3(*.U.&"F



Steinitz’s Theorem

A graph is the 1-skeleton of a convex polytope in R3 
if and only if it is planar and 3-connected.

34(#.'.(5L6768F



Medial graph G×

‣ #6<$34"=6)*6H"G+)"63%>"6<C6"+G"B"

‣ #6<$34"6<C6"G+)"63%>"%+),6)"+G"B

3N&.(+6E@@9+4(#.'.(5+6768F



Medial graph G×

‣ #6<$34"=6)*6H"G+)"63%>"6<C6"+G"B"

‣ #6<$34"6<C6"G+)"63%>"%+),6)"+G"B
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Medial graph G×

‣ #6<$34"=6)*6H"G+)"63%>"6<C6"+G"B"

‣ #6<$34"6<C6"G+)"63%>"%+),6)"+G"B

3N&.(+6E@@9+4(#.'.(5+6768F



Medial graph G×

‣ #6<$34"=6)*6H"G+)"63%>"6<C6"+G"B"

‣ #6<$34"6<C6"G+)"63%>"%+),6)"+G"B

3N&.(+6E@@9+4(#.'.(5+6768F



Steinitz’s Lemma 1

Every 4-regular plane graph contains either  
an"').&/"),$,0,$ "or a")%$%)!1"*%0,$D

34(#.'.(5L6768F

I.>D' -.'.-&"+I.>D'



Steinitz’s Lemma 1

Every 4-regular plane graph contains either  
an"').&/"),$,0,$ "or a")%$%)!1"*%0,$D

34(#.'.(5L6768F

4$.'/#" .**#/05.I"#+4$.'/#"



Steinitz’s Lemma 2

Every non-empty minimal bigon contains !&"1'!2&"&3,"
&+%!$0(1!+"-!4'2 (one adjacent to each side).

34(#.'.(5L6768F



Steinitz’s Lemma 2

Every non-empty minimal bigon contains !&"1'!2&"&3,"
&+%!$0(1!+"-!4'2 (one adjacent to each side).

34(#.'.(5L6768F

I+"F6"%3,")6<(%6"3,:"A$,$A34"@$C+,"*+"3,"
').&/ "@$C+,"(;$,C"7! 7"A+=6;



Steinitz’s Algorithm

‣ J>$46"*>6)6"3)6"=6)*$%6;"

▹ KG"*>6)6"$;"3,"6A?*:"A+,+C+,!")6A+=6"$*"F$*>"3"1! 8"A+=6"

▹ L*>6)F$;6!"empty"3,:"A$,$A34"@$C+,"F$*>"7! 7"A+=6;!  
3,<"*>6," remove"$*"F$*>"3"E! 8"A+=6"

‣ L- ' 1"A+=6;"?6)"@$C+,"M"O($2) A+=6;

34(#.'.(5L6768F



Positive 3! 3 moves

N>6 .,&'$&%!1 +G"3"%()=6"$;"*>6";(A"+G"$*;"G3%6"<6?*>;D 

If a curve has no empty mongons or empty bigons, 
then some 3→3 move 5'4+'!2'2"%&2".,&'$&%!1.

3J#D+V*DU&'L677WF
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Feo and Provan’s Algorithm

‣ J>$46"*>6)6"3)6"=6)*$%6;"
▹ KG"*>6)6"$;"3,"6A?*:"A+,+C+,!"?6)G+)A"3"1! 8"A+=6"

▹ O4;6"$G"*>6)6"$;"3,"6A?*:"@$C+,!"?6)G+)A"3"E! 8"A+=6"

▹ O4;6"?6)G+)A"!$/ "?+;$*$=6"7! 7"A+=6"

‣ O(! ) = O($2) A+=6;!"F>6)6"! "M"?+*6,*$34"M";(A"+G"G3%6"<6?*>;

3J#D+V*DU&'L677WF



New result

‣ Every closed curve in the plane with $ vertices can be 
simplified using O(! 3/2) homotopy moves, and this bound is 
tight in the worst case. 

▹ P??6)"@+(,<"=$3",6F"34C+)$*>A"

▹ Q+F6)"@+(,<"=$3"%()=6"$,=3)$3,*;

3X%&'>+!*.K2?D'L<S6EF



Planar Upper Bound



9,:";$A?46";(@4++?"%3,"@6")6A+=6<"(;$,C"3*"A+;*"36"
>+A+*+?:"A+=6;!"F>6)6"6"$;"*>6",(A@6)"+G"$,*6)$+)"G3%6;D

Shrinking loops



Shrinking loops

9,:";$A?46";(@4++?"%3,"@6")6A+=6<"(;$,C"3*"A+;*"36"
>+A+*+?:"A+=6;!"F>6)6"6"$;"*>6",(A@6)"+G"$,*6)$+)"G3%6;D"

▹ KG"*>6"4++?"%+,*3$,;"3,:"=6)*$%6;!"F6"%3,")6A+=6"+,6"=6)*6H"F$*>"+,6"
8! E"A+=6"G+44+F6<"@:"+,6"7! 7"A+=6D"

▹ KG"*>6"4++?"@+(,<;"3,:"6A?*:"@$C+,;!"F6"%3,")6A+=6"+,6"6<C6"-3,<"
+,6"6A?*:"@$C+,"G3%61"F$*>"+,6"E! 8"A+=6D

y

z

y

z



Shrinking loops

9,:";$A?46";(@4++?"%3,"@6")6A+=6<"(;$,C"3*"A+;*"36"
>+A+*+?:"A+=6;!"F>6)6"6"$;"*>6",(A@6)"+G"$,*6)$+)"G3%6;D
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New slow algorithm

‣ J>$46"*>6)6"3)6"=6)*$%6;!";>)$,&"3,:";$A?46";(@4++?D"

‣ O(! ) = O($2) A+=6;!"F>6)6"! "M"?+*6,*$34
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‣ K,*6);6%*$+,"+G"%()=6"F$*>"3"C6,6)$%"%4+;6<"<$;&"

‣ '+(,<3):S*+S@+(,<3):"?3*>;"%3446<"2&+!$52'

‣ T3%6"<6?*>;"<6B,6<"6H3%*4:"3;"G+)"%()=6;D
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Tightening tangles

Any tangle can be &%07&'$'5 in O()5  + )2 ) moves, where  
)  = #vertices, 5 = max face depth, and 2 = #strands 

‣ T$);*")6A+=6"344";$A?46";(@4++?;"$,"O(! ) = O()5 )"A+=6;D"

‣ N>6,";*)3$C>*6,"344";*)3,<;"$,"O()2 ) A+=6;D



Tightening tangles

Any tangle can be &%07&'$'5 in O()5  + )2 ) moves, where  
)  = #vertices, 5 = max face depth, and 2 = #strands 

‣ T$);*")6A+=6"344";$A?46";(@4++?;"$,"O(! ) = O()5 )"A+=6;D"

‣ N>6,";*)3$C>*6,"344";*)3,<;"$,"O()2 ) A+=6;D



Useful tangles

J6"%344"3"*3,C46"(2'-(1 "$G")" ≥ 22"3,<"5"= O() 1/2) 

▹ R3,"@6"*$C>*6,6<"(;$,C"O()5" + )2 ) = O() 3/2)"A+=6;"

▹ N$C>*6,$,C")6A+=6;"3*"463;*">34G"+G"*>6"$,*6)$+)"=6)*$%6;



Useful tangles

Lemma: Every curve admits a useful tangle. 

▹ U6?*>"%+,*+();"<6B,6"3";6V(6,%6"+G",6;*6<"*3,C46;"

▹ I(??+;6" .*>"*3,C46">3;"- ."=6)*$%6;"3,<"?.";*)3,<;"

▹ KG"*>6"B);*"."*3,C46;"3)6"344"(;646;;!"*>6,"2%"≥ %/2"3,<"*>(;" ) %"≥ %2/8



Useful tangles

Lemma: Every curve admits a useful tangle. 

▹ U6?*>"%+,*+();"<6B,6"3";6V(6,%6"+G",6;*6<"*3,C46;"

▹ I(??+;6" .*>"*3,C46">3;"- ."=6)*$%6;"3,<"?.";*)3,<;"

▹ KG"*>6"B);*"."*3,C46;"3)6"344"(;646;;!"*>6,"2%"≥ %/2"3,<"*>(;" ) %"≥ %2/8

z



New faster algorithm

‣ J>$46"*>6)6"3)6"=6)*$%6;!"*$C>*6,"3,:"(2'-(1 "*3,C46"

‣ 9,34:;$;W"

▹ N$C>*6,$,C"3"(;6G(4"*3,C46"F$*>") "=6)*$%6;"*3&6;"O() 3/2)"A+=6;D"

▹ R>3)C6"O() 1/2)=O($1/2)"A+=6;"*+"63%>"<646*6<"=6)*6H"

▹ I+")6A+=$,C"344"' "=6)*$%6;"*3&6;"O($3/2)"A+=6;D



Planar Lower Bound



Defect

‣ P,$V(6"%()=6"$,=3)$3,*"*>3*"$;"X6)+"G+)";$A?46"%()=6;"3,<"
%>3,C6;"3;"G+44+F;"(,<6)">+A+*+?:"A+=6;W

29:4 Untangling Planar Curves

subpaths between vertices as edges, and the components of the complement of the curve as
its faces. Two curves “ and “Õ are isomorphic if their images are isomorphic as planar maps;
we will not distinguish between isomorphic curves.

1

2 1

2We adopt a standard sign convention for vertices first used
by Gauss [19]. Choose an arbitrary basepoint “(0). We call a
vertex positive if the first traversal through the vertex crosses the
second traversal from right to left, and negative otherwise. We
define sgn(x) = +1 for every positive vertex x and sgn(x) = ≠1 for every negative vertex x.

A homotopy between two curves “ and “Õ is a continuous function H : S1 ◊ [0, 1] æ M
such that H(·, 0) = “ and H(·, 1) = “Õ. Each homotopy move can be executed by a
homotopy. Conversely, Alexander’s simplicial approximation theorem [3], together with
combinatorial arguments of Alexander and Briggs [4] and Reidemeister [36], imply that any
generic homotopy between two closed curves can be decomposed into a finite sequence of
homotopy moves. Two curves are homotopic, or in the same homotopy class, if there is a
homotopy from one to the other. All closed curves in the plane are homotopic.

2 Lower Bounds

2.1 Defect
To prove our main lower bound, we consider a numerical invariant of closed curves in the
plane introduced by Arnold [7,8] and Aicardi [1] called defect. Polyak [35] proved that defect
can be computed—or for our purposes, defined—as follows:

defect(“) := ≠2
ÿ

xGy

sgn(x) · sgn(y).

Here the sum is taken over all interleaved pairs of vertices of “: two vertices x ”= y are
interleaved, denoted x G y, if they alternate in cyclic order—x, y, x, y—along “. Even though
the signs of individual vertices depend on the basepoint and orientation of the curve, the
defect of a curve is independent of those choices.

Trivially, every simple closed curve has defect zero. Straightforward case analysis [35]
implies that any single homotopy move changes the defect of a curve by at most 2; the
various cases are illustrated in Figure 2.1.

1�0 2�0 3�3

0 1 0

3 1

2

0 0 ≠2 +2 +2

Figure 2.1 Changes to defect incurred by homotopy moves. Numbers in each figure indicate how

many pairs of vertices are interleaved; dashed lines indicate how the rest of the curve connects.
‣ I$A?4$G:$,C"3,:"%()=6"Y")6V($)6;"at least |defect(γ)/2|"

>+A+*+?:"A+=6;D

3:.K&*/.+677QF+3:*'D"/+677QF



Defect formula

‣ defect = –2 ∑9≬/  sgn(9) sgn(/ )"
▹ 9≬/ "A63,;"=6)*$%6;"; "3,<"C"3)6"%$&'+1!4'5"

▹ sgn(9)"$;"Y3(;;Z";$C,"%+,=6,*$+,"G+)"=6)*6H";Z"3B&0??+KZ6EWSF+

▹ : 2"$;"3">$;*+)$%34"3)*$G3%*"3:*'D"/+677QF

a
b
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d
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fg

h

i

j
k

3VD"C&2+677EF



Flat torus knots

; (7,8) ; (8,7)

T(p, q)(! ) := (cos(q! ) + 2)( cos(p! ), sin(p! ))



Flat torus knots

; (21,34) ; (34,21)

T(p, q)(! ) := (cos(q! ) + 2)( cos(p! ), sin(p! ))



Defects of flat torus knots

‣ ""

‣ ""

‣ ""

‣ ""

‣ ""

3P&C&?%.+#(+&"Z+<S6<F

3!U#'[\D%&*+#(+&"Z+<S6QF

defect(T(q + ! ,q)) = ! "
!

q
#

"
= ! ! (n#/ " )

defect(T(p,p + ! )) = "
!

p + !
#

"
= ! (n#/ " )

defect(T(p,ap + ! )) = " a
!

p + !
#

"
= ! (np)

defect(T(aq + �, q)) = ��a
✓
q
�

◆
= �Θ(nq)

defect(T(Fk+�,Fk)) = defect(T(Fk! �,Fk)) = (Fk ! �)(Fk ! �)/ � = ! (n)



Open problem 1

‣ 2)6=$+(;"L-' 21SA+=6"34C+)$*>A;"3)6"),$,&,$' "
▹ N>6:",6=6)"?6)G+)A"8! E"+)"8! ."A+=6;"

▹ I+"*>6",(A@6)"+G"=6)*$%6;",6=6)"$,%)63;6;D"

‣ '(*"+()",6F"L- ' 3/21SA+=6"34C+)$*>A")6V($)6;"8! E"A+=6;

y

z

‣ Can every $-vertex closed curve be simplified using O($3/2) 
$,$<%$4+'!2%$0 homotopy moves? Are Ω($2) moves 
sometimes necessary? Something in between?



Conjecture 1

‣ Every loose tangle with no empty monogons or bigons 
admits a 3→3 move that decreases the sum of face depths.

▹ N>$;"F+(4<"$A?)+=6"=',"!$5">+,?!$@2"34C+)$*>A"*+"L-' 3/21"A+=6;[



Conjecture 1

‣ Every loose tangle with no empty monogons or bigons 
admits a 3→3 move that decreases the sum of face depths.

▹ N>$;"F+(4<"$A?)+=6"=',"!$5">+,?!$@2"34C+)$*>A"*+"L-' 3/21"A+=6;[

‣P,G+)*(,3*64:!"*>$;"%+,\6%*()6"$;"G34;6[



Conjecture 2

‣ Every 4-regular plane graph has either an empty monogon 
or a bigon containing O($1/2) faces. 

▹ N>$;"F+(4<"$AA6<$3*64:"$A?)+=6"A&'%$%&B@2"34C+)$*>A"*+"L-' 7]E1"A+=6;[



Conjecture 2

‣ Every 4-regular plane graph has either an empty monogon 
or a bigon containing O($1/2) faces. 

▹ N>$;"F+(4<"$AA6<$3*64:"$A?)+=6"A&'%$%&B@2"34C+)$*>A"*+"L-' 7]E1"A+=6;[

‣ P,G+)*(,3*64:!"*>$;"%+,\6%*()6"$;"34;+"G34;6[



“Fibonacci cube”

C?'+/ loop and '?'+/  bigon contains Ω($) faces.



“Fibonacci cube”

C?'+/ loop and '?'+/  bigon contains Ω($) faces.



“Fibonacci cube”

C?'+/ loop and '?'+/  bigon contains Ω($) faces.



Electrical Reduction



Electrical transformations

Q++?")6<(%*$+, 23)34464")6<(%*$+, ^ ! _"*)3,;G+)A3*$+,

Q63G")6<(%*$+, I6)$6;")6<(%*$+, _! ^"*)3,;G+)A3*$+,



Resistor network analysis

+

2

+ 2 +D2

+D2
EE+2EEF

+ 2

&

+D2D&
EEEE+2EEEE"

+D2D&
EEEE+&EEEEF

+D2D&
EEEE2&EEEEF

+

&2 2D&D2&G+

+D&D+&G2+D2D+2G&

HI'$$'11/"JKLLM



‣ `6;$;*+)",6*F+)&"3,34:;$;" 3]#''#""C+6E77F""

‣9R"%$)%($*"3,34:;$;"3A0??#""+67SQF""

‣ I>+)*6;*"?3*>;"3,<"A3H$A(A"a+F;" 3:2#*?+8SF"

‣b6*F+)&")64$3@$4$*:"6;*$A3*$+, 
3^#%-&'+8W9+N*&"/.+EW9+X%&*.+J#D+V*DU&'+789+N*0#-$#*+S<F"

‣#(4*$%+AA+<$*:"a+F;+3J#D+EMF"

‣R+(,*$,C";?3,,$,C"*)66;!"?6)G6%*"A3*%>$,C;!"3,<"%(*; 
3XD"ID0*'+V*DU&'+O#*(.>&'+7MF"

‣Y6,6)34$X6<"Q3?43%$3,"4$,63)";:;*6A; 
3B*#-I&'+789+R&2&%&*&+N&2&%&?%.+78F"

‣R$)%(43)"?43,3)",6*F+)&; 
3XD".'+/#+O#*/._*#9+B.("#*9+O#*(.>&'+78G+X0*(.?9+`'>#*-&'9+,D**D1+7EF"

‣5$,6A3*$%"3,34:;$;"+G"3)*$%(43*6<")+@+*;"34(&aa#"".+N%D-&?+S<F"

‣T4+F"6;*$A3*$+,"G)+A",+$;:"A63;()6A6,*;" 3\D%&*+B#.>#*+S@F



Dual pairs

U6C)66S.")6<(%*$+, I6)$6;S?3)34464")6<(%*$+, ^ _"*)3,;G+)A3*$+,



Electrical reduction

Any .1!$!+  graph can be reduced to a single vertex using a 
#$%&'"$()*'+  of electrical transformations.

How many?

34(#.'.(5+67689+!$.a&'DU+6788F



Medial graph G×

‣ #6<$34"=6)*6H"G+)"63%>"6<C6"+G"B"

‣ #6<$34"6<C6"G+)"63%>"%+),6)"+G"B

3N&.(+6E@@9+4(#.'.(5+6768F



Medial graph G×

‣ #6<$34"=6)*6H"G+)"63%>"6<C6"+G"B"

‣ #6<$34"6<C6"G+)"63%>"%+),6)"+G"B

3N&.(+6E@@9+4(#.'.(5+6768F



Medial graph G×

‣ #6<$34"=6)*6H"G+)"63%>"6<C6"+G"B"

‣ #6<$34"6<C6"G+)"63%>"%+),6)"+G"B

3N&.(+6E@@9+4(#.'.(5+6768F



Medial graph G×

‣ #6<$34"=6)*6H"G+)"63%>"6<C6"+G"B"

‣ #6<$34"6<C6"G+)"63%>"%+),6)"+G"B

3N&.(+6E@@9+4(#.'.(5+6768F



Medial electrical moves 34(#.'.(5+6768F



Medial electrical moves

1→0 2→1 3→3

34(#.'.(5+6768F



Medial electrical moves

1→0 2→1 3→3

34(#.'.(5+6768F



Medial electrical moves

1→0 2→1 3→3

34(#.'.(5+6768F

N'/O"&7'2'"1,,P"-!)%1%!+F



)%$,+

/#"#(# KD'(*&K(



)%$,+

/#"#(# KD'(*&K(



2),,&7%$0

)%$,+

/#"#(# KD'(*&K(



Smoothing Lemma

Reducing any 4,$$'4&'5".+,.'+")%$,+  of Q requires 2&+%4&1/ 
-'3'+  electrical moves than reducing Q.

1! 0

2! 1 = 1! 0

3! 3 2! 1 =

=

1! 2 = =

3N*0#-$#*+67E79+B.("#*+6776F



Reduction Lemma

The minimum # electrical moves to reduce G is !&"1'!2& the 
minimum # homotopy moves to simplify G×. 

‣ Proof:"`6?43%6"*>6"B);*"E! ."A+=6"F$*>"3"E! 8"A+=6! 
*>6,"3??4:"*>6"A$,+)"46AA3"3,<"$,<(%*$+,D

3RDI"#+b#"?%+<SSSF



Electrical Lower Bound

For all P, the P×(2P–1) cylindrical grid graph requires Ω(P3) = 
Ω($3/2) electrical moves to reduce.

3X%&'>+!*.K2?D'+<S6EF



Electrical Lower Bound

For all P, the P×(2P–1) cylindrical grid graph requires Ω(P3) = 
Ω($3/2) electrical moves to reduce.

▹ Proof: Its medial graph is ; (2P, 2P: 1).

3X%&'>+!*.K2?D'+<S6EF



Higher-Genus Lower Bound



Lower bound

‣ On any surface with genus>0, simplifying a 4,$&+!4&%*1' 
curve requires Ω(! 2) homotopy moves in the worst case.  

‣ #3*%>6;"&,+F," O($2)"(??6)"@+(,<D"3P&??+4KD((+677QF34(#.'.(5+676@F+

▹ O$*>6)"*>6"%()=6"$;"34)63<:";$A?46"+)"$*">3;"3"4++?"+)"3"@$C+,D"

‣ K*";(GB%6;"*+"%+,;$<6)"*>6".($4&(+'5 ".1!$'" Σ := R2\{, }!"F>6)6"
D"$;"3,"3)@$*)3):"?+$,*"%3446<"*>6",+%0%$D

3X%&'>+!*.K2?D'+^#(?K%#*+
/#,#?-&C+4K%"#.-#*+4#/>1.K2+
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Defect?

‣ N>6)6"3)6"%()=6;"+,"*>6"*+)(;"F$*>"3$4$5#"Ω(n2)"

▹ DDD@(*"*>6"6H3A?46;"F6"&,+F"3)6",+*"%+,*)3%*$@46D
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The bad curve



‣ 6%!3(7, 8)"M",(A@6)"+G"*$A6;"Y"F$,<;"%%F"3)+(,<"$"

▹ 9*"?+$,*;"$",+*"+,"Y!"C$=6,"@:"61'9!$5'+"$()*'+%$0 W 
3,#.?(#*+6@@SF3,cI.0?+6E8MF3:"#;&'/#*+67<EF"

▹ 9*"=6)*$%6;!"3=6)3C6"*>6"F$,<$,C",(A@6); 
+G"344"G+()"$,%$<6,*"G3%6;

Winding number



Winding Lemma

‣ O3%>"7→7"A+=6"%>3,C6;"*>6"F$,<$,C",(A@6);"+G"6H3%*4:"
*>)66"=6)*$%6;!"63%>"@:"6H3%*4:".D""

‣ . →8"3,<"E→8"A+=6;"<+",+*"%>3,C6"*>6"F$,<$,C",(A@6);"+G"
3,:"=6)*$%6;D

1! 8 E! 8 7! 7



Vertex types

‣ R+,;$<6)"3"%+,*)3%*$@46"%4+;6<"%()=6"c"$,"dD"""

‣ IA++*>$,C"Y"3*"3,:"=6)*6H"; ":$64<;"*F+"%()=6;"R9D"3,<"R9: D"

‣ U6B,6"&/.' (9) := 3%$5(R9
+O",)"

‣ e6)*$%6;"; "3,<"5+&*#"4,).1')'$&!+/ "$G"&/.' (9) = –&/.' (B)D
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Type Lemma

‣ b+">+A+*+?:"A+=6"%>3,C6;"*>6"*:?6"+G"3,:"=6)*6HD""

‣ O=6):".→8"A+=6"<646*6;"3"=6)*6H"+G"*:?6"8D"

‣ O=6):"E→8"A+=6"<646*6;"*F+"%+A?46A6,*3):"=6)*$%6;D
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Vertex matching

‣ O=6):">+A+*+?:"*>3*"%+,*)3%*;"*>6"@3<"%()=6"<6B,6;"3"
A3*%>$,C"@6*F66,"%+A?46A6,*3):"=6)*$%6;D"

‣ K,"6=6):";(%>"A3*%>$,C"G+)"*>$;"%()=6!"*>6"<$GG6)6,%6;"+G"
F$,<$,C",(A@6);";(A"*+" Ω(! 2)
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Vertex matching

‣ O=6):">+A+*+?:"*>3*"%+,*)3%*;"*>6"@3<"%()=6"<6B,6;"3"
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INTERSECTIONS OF CURVES ON SURFACES 

BY 

JOEL HASS a AND PETER SCOTT b 
°Mathematics Department, University of Michigan. MI48109, USA; 

and bDepanment of Pure Mathematics, University of Liverpool, 
P.O.Box 147, Liverpool L69 3BX, England 

ABSTRACT 

The authors consider curves on surfaces which have more intersections than the 
least possible in their homotopy class. 

THEOREM 1. Let [ be a general position arc or loop on an orientable surface F 
which is homotopic to an embedding but not embedded. Then there is an 
embedded 1-gon or 2-gon on F bounded by part of the image of f. 

THEOREM 2. Let f be a general position arc or loop on an orientable surface F 
which has excess self-intersection. Then there is a singular 1-gon or 2-gon on F 
bounded by part of the image of f. 
Examples are given showing that analogous results for the case of two curves on 
a surface do not hold except in the well-known special case when each curve is 
simple. 

Let C1 and (72 be simple closed curves on the annulus A. It is easy to show that 
if C1 and C2 intersect and do so transversely, then there must be a 2-disc D in A 
whose boundary is At U A2 where Ai is a sub-arc of Ci. We call such a disc a 2-gon 
between C~ and C2. If two simple closed curves C1 and (72 on a surface F 
intersect transversely, we will say that C~ and C2 have excess intersection if one of 
them can be homotoped so as to reduce the number of intersection points with 

the other. The natural generalisation of the above result about two curves on the 

annulus is that if C~ and (72 are simple closed curves on a surface F and if they 

have excess intersection then there is a 2-gon between C~ and C2. This result is 
fairly well known, but, for completeness, we give a proof at the start of ¤3. 

In this paper, we consider the question of finding analogous results about the 

intersection of two possibly singular loops on a surface and about the self- 

intersection of a single loop. Various results in this area have been assumed to be 
obvious by some authors. However, we give examples which demonstrate that 
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Let C1 , ..., Ck be a system of closed curves on a triangulizable surface S. The
system is called minimally crossing if each curve Ci has a minimal number of self-
intersections among all curves C$i freely homotopic to Ci and if each pair Ci , Cj has
a minimal number of intersections among all curve pairs C$i , C$j freely homotopic to
Ci , Cj respectively (i, j=1, ..., k, i{ j). The system is called regular if each point
traversed at least twice by these curves is traversed exactly twice, and forms a crossing.

We show that we can make any regular system minimally crossing by applying
Reidemeister moves in such a way that at each move the number of crossings does
not increase. It implies a finite algorithm to make a given system of curves mini-
mally crossing by Reidemeister moves. ! 1997 Academic Press

1. INTRODUCTION AND FORMULATION OF THE THEOREM

Let S be a surface. A closed curve on S is a continuous function
C : S1  S (where S 1 is the unit circle in the complex plane). Two closed
curves C and C$ are freely homotopic, in notation: CtC$, if there exists a
continuous function 8 : S1_[0, 1]  S such that 8(z, 0)=C(z) and
8(z, 1)=C$(z) for all z # S1.
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134
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Tightening curves on surfaces
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(a) (b) 

Fig. 0.3. 

THEOREM 4.2. Let f be a general position loop on an orientable surface F. If  f 
has excess self-intersection, then f has a singular 1-gon or 2-gon. 

REMARKS. A similar result holds for arcs. We are unable to decide whether 
any loop f on an orientable surface which possesses a singular 1-gon must 
possess an embedded 1-gon or 2-gon. The example in Fig. 0.4 shows that f need 
not possess an embedded 1-gon. 

Fig. 0.4. 

The hypothesis that F be orientable cannot be omitted from Theorem 4.2 as 
the example in Fig. 0.5 shows. The crucial point here is our insistence, in the 
definition of singular 2-gons, that the sub-arcs ot and/3 of S' which give rise to a 
singular 2-gonmust be disjoint. If one removes this condition, we finally arrive at 
a result which holds for any loop with excess self-intersection. We say that a loop 
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Tightening curves on surfaces

‣ 9"%()=6"$;"&%07&"$G",+">+A+*+?$%"%()=6">3;"G6F6)"=6)*$%6;D"

‣ Theorem: Any closed curve on any surface can be &%07&'$'5 
using a #$%&' number of $,$<%$4+'!2%$0 homotopy moves.  
3B*&C?D'+67E7F+3:'>#'#'(+67EE96776F+3P&??+4KD((+677QF+3/#+B*&aa9+4K%*.dU#*+677@F+
3V&(#*?D'+<SS<F 

‣ L- ' 21"A+=6;";(GB%6"G+)"%()=6;"+,"*>6"*+)(;!"+)"$G"*>6"
*$C>*6,6<"%()=6"$;";$A?46 3P&??+4KD((+677QF 

‣ ' O(0)EO($)"A+=6;";(GB%6"$,"C6,6)34D"
▹ T+44+F;"G)+A"%+(,*$,C"fS)6C(43)"' S=6)*6H"C6,(;S>";()G3%6"A3?;D 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New upper bound

‣ Theorem: Any closed curve with $ vertices on any orientable"
surface can be tightened using O($4) homotopy moves.
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Figure 6.5. Swapping the two bounding paths of a bigon.

next section, we will carefully perturb these walks into generic curves, and implement each step of the discrete1719

homotopy as a finite sequence of homotopy moves.1720

Let W be a walk on the bigon graph G from one endpoint of the bigon to the other. A spike in W is an arc of1721

G followed immediately by the same arc in the opposite direction. We define two local operations for modifying1722

W; see Figure 6.6.1723

• Face move: Replace a single arc e in W with the complementary boundary walk around some face f of G1724

that is incident to e.1725

• Spike move: Delete a spike from W and decrease the length of W by two.1726

We emphasize that after a face move across face f , the frontier walk W may traverse some arcs of f more than1727

once; moreover, these multiple traversals may or may not be spikes. Because every face f is a disk, the arc e and1728

its complementary boundary walk around f share endpoints, and thus any face move can be implemented by a1729

homotopy across f . Similarly, a spike move can be implemented by a homotopy in the arc containing the spike. A1730

discrete homotopy in G is a finite sequence of face moves and spike moves. We refer to the current walk W at any1731

stage of this homotopy as the frontier walk.1732

Figure 6.6. A face move and a spike move.

The following result by Har-Peled et al. [133] guarantees the existence of some discrete homotopy whose1733

frontier walk is short at all times. The original result assumes that the underlying graph is triangulated; however1734

the proof still works on regular tilings.1735

Lemma 6.11 (Har-Peled et al. [133, Theorem 1 ]). Given an n-vertex arc-weighted bigon graph G with two1736

bounding paths ! and " , there is a discrete homotopy from ! to " whose frontier walk has (weighted) length at1737

most1738

O
�|! |+ |" |+ f⇤ · (d⇤ +w⇤) · log n

�
,1739

where f⇤ is the maximum size of the faces, d⇤ is the maximum distance between a vertex in G and a vertex on ! ,1740

and w⇤ is the maximum arc weight over all arcs. Furthermore, each arc of G is traversed at most twice by any1741

59
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We now describe how to draw the frontier curve ! near the cut graph X so that the complexity inside each1774

bubble of X is controlled. We model each arc bubble as aEuclideanrectangle containing several straight segments1775

parallel to the arc, which we call tracks , arranged so that each track in the arc bubble ofe intersects" transversely.1776

(The metric is merely a convenience, so that we can write ÒstraightÓ and ÒparallelÓ; the tracks can be deÞned1777

purely combinatorially.)1778

Figure 6.8. Closeup of an arc bubble of some arc e in X, showing subpaths of the frontier ! sticking to subpaths in e, including the
perturbations of two spikes.

Now consider a frontier curve ! ; each maximal subpath along some arce of X is drawn on a unique track in1779

the arc bubble of e. Moreover, when ! switches from arc e to another arc e! (including at the tip of a spike at a1780

vertex of X, which we view as a zero-length walk), there is a corner at the intersection of those two tracks. The1781

part of ! that follows the bounding paths # and $ stays unchanged.1782

Thus, every subpath of! inside the arc bubble of some arce alternates between tracks parallel toe and either1783

(1) tracks parallel to other arcs or (2) parallel to the bounding paths # and $ . Intuitively, we say that a subpath of1784

! sticks to an arc of X if the subpath lies on some track in the corresponding arc bubble. Similarly, we say that a1785

subpath of ! sticks to the bounding paths # and $ if the corresponding subpath of öW traverses arcs ofG on ö#1786

and ö$ in the universal cover ö! . See Figure6.8.1787

Graph moves revisited. In our perturbed homotopy, we require every face move to be performed entirely within1788

the corresponding face bubble, and every spike move to be performed entirely within the corresponding arc1789

bubble, while maintaining the track structure of the perturbed frontier ! . To this end, we introduce two additional1790

graph moves for modifying the frontier curve ! .1791

¥ Arc move: Move a maximal subpath sticking to an arc e of X into an incident face bubble, within the arc1792

bubble of e implemented by switching tracks.1793

¥ Vertex move : Move the curve across a vertexv of X within the corresponding vertex bubble.1794

Figure 6.9. An arc move and a vertex move.

The arc moves and vertex moves can be seen as preprocessing steps to ensure that a subpath of! lies in the1795

proper face or arc bubble before performing a face or a spike move. Thus, our perturbed coarse homotopy still1796

follows the outline given in Section 6.3.3, but now each face move might be prefaced by a single arc move, and1797

each spike move might be prefaced by a single vertex move, as shown in Figure6.10.1798
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Figure 5.1. Swapping the two bounding paths of a bigon.

Bigon graph. The tiling of the universal cover of ⌃
induced by the cut graph X decomposes the disk bounded
by �̂ into pieces; we call this decomposition the bigon

graph. More formally, we define the bigon graph G as
follows. The vertices of G are the two endpoints of �̂ , the
intersections of � and ⇢ with edges of the tiling, and the
vertices of the tiling in the interior of �̂ . The edges of G
are subpaths of �[⇢ and subpaths of tiling edges bounded
by these vertices. Finally, the bounded faces of G are the
components of the intersection of each tile with the interior
of �̂ . We emphasize that the intersection of a single tile
with the interior of �̂ may have several components.

Lemma 4.1 and the crossing property of the cut graph
X imply that at most O(n) tiles of ⌃ intersect the two
bounding paths � and ⇢ of �̂ . Thus Lemma 5.1 implies that
the bigon graph G has at most O(n) faces, and therefore
O(n) vertices and edges by Euler’s formula.

Discrete homotopy. We now construct a discrete ho-
motopy [8,9,31] through the bigon graph G that transforms
one bounding path � of the bigon into the other bounding
path ⇢. This discrete homotopy is a sequence of walks
in G—which may traverse the same edge in G more than
once—rather than a sequence of generic curves. In the next
section, we will carefully perturb these walks into generic
curves, and implement each step of the discrete homotopy
as a finite sequence of homotopy moves.

Let W be a walk on the bigon graph G from one
endpoint of the bigon to the other. A spike in W is an
edge of G followed immediately by the same edge in the
opposite direction. We define two local operations for
modifying W ; see Figure 5.2.

• Face move: Replace a single edge e in W with the
complementary boundary walk around some face f
of G that is incident to e.

• Spike move: Delete a spike from W and decrease the
length of W by two.

We emphasize that after a face move across face f , the
frontier walk W may traverse some edges of f more than
once; moreover, these multiple traversals may or may not
be spikes. Because every face f is a disk and the edge
e and its complementary boundary walk share endpoints,
any face move can be implemented by a homotopy across f .

Similarly, a spike move can be implemented by a homotopy
in the edge containing the spike. A discrete homotopy in
G is a finite sequence of face moves and spike moves. We
refer to the current walk W at any stage of this homotopy
as the frontier walk.

Figure 5.2. A face move and a spike move.

We construct our discrete homotopy from � to ⇢ as
follows. The initial frontier walk W is equal to � (viewed
as a walk in G). Let T be an arbitrary spanning tree of
the bigon graph G that includes every edge in ⇢, and let C
be the complementary spanning tree of the dual graph G⇤.
We first perform a face move within in each face of G,
following a preorder traversal of C; that is, we move W
across a face f only after moving W across the parent of f
in C . (See Figure 5.3.) After all faces have been processed,
we repeatedly remove spikes from W , until no more spikes
remain. It is not hard to see that we require one spike move
for each edge of T that is not an edge of ⇢. At the end of
this procedure, the frontier walk W coincides with ⇢.

Figure 5.3. The frontier walk after eight face moves, following a
preorder traversal of the dual spanning tree.

This sequence of graph moves guarantees a crucial
multiplicity property: At every stage of the discrete
homotopy, the frontier walk W traverses each edge of G
at most twice. Specifically, W traverses each edge of � at
most once, and W traverses an edge e that is not in � only
if a face move has been performed on a face incident to
e. Each edge is incident to at most two faces. It follows
immediately that the length of W (that is, the number of
edges) is always at most twice the number of edges of G.

5.4 Fine Homotopy

Finally, we refine the discrete homotopy in the previous
section, first by perturbing the moving frontier walk so

The authors have placed this paper in the public domain.
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Steinitz doesn’t work
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THEOREM 4.2. Let f be a general position loop on an orientable surface F. If  f 
has excess self-intersection, then f has a singular 1-gon or 2-gon. 

REMARKS. A similar result holds for arcs. We are unable to decide whether 
any loop f on an orientable surface which possesses a singular 1-gon must 
possess an embedded 1-gon or 2-gon. The example in Fig. 0.4 shows that f need 
not possess an embedded 1-gon. 

Fig. 0.4. 

The hypothesis that F be orientable cannot be omitted from Theorem 4.2 as 
the example in Fig. 0.5 shows. The crucial point here is our insistence, in the 
definition of singular 2-gons, that the sub-arcs ot and/3 of S' which give rise to a 
singular 2-gonmust be disjoint. If one removes this condition, we finally arrive at 
a result which holds for any loop with excess self-intersection. We say that a loop 
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Fig. 0.5. 
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Steinitz almost works

‣ Lemma:"Every loose curve on the sphere or the torus has 
either an ')*'55'5  loop or an ')*'55'5  bigon."

‣ Lemma:"Every loose curve on any orientable surface has 
either a *!2%4"2%$0(1!+ monogon or a *!2%4"2%$0(1!+ bigon.
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not possess an embedded 1-gon. 

Fig. 0.4. 

The hypothesis that F be orientable cannot be omitted from Theorem 4.2 as 
the example in Fig. 0.5 shows. The crucial point here is our insistence, in the 
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Tiling
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High-level strategy
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Figure 6.5. Swapping the two bounding paths of a bigon.

next section, we will carefully perturb these walks into generic curves, and implement each step of the discrete1719

homotopy as a finite sequence of homotopy moves.1720

Let W be a walk on the bigon graph G from one endpoint of the bigon to the other. A spike in W is an arc of1721

G followed immediately by the same arc in the opposite direction. We define two local operations for modifying1722

W; see Figure 6.6.1723

• Face move: Replace a single arc e in W with the complementary boundary walk around some face f of G1724

that is incident to e.1725

• Spike move: Delete a spike from W and decrease the length of W by two.1726

We emphasize that after a face move across face f , the frontier walk W may traverse some arcs of f more than1727

once; moreover, these multiple traversals may or may not be spikes. Because every face f is a disk, the arc e and1728

its complementary boundary walk around f share endpoints, and thus any face move can be implemented by a1729

homotopy across f . Similarly, a spike move can be implemented by a homotopy in the arc containing the spike. A1730

discrete homotopy in G is a finite sequence of face moves and spike moves. We refer to the current walk W at any1731

stage of this homotopy as the frontier walk.1732

Figure 6.6. A face move and a spike move.

The following result by Har-Peled et al. [133] guarantees the existence of some discrete homotopy whose1733

frontier walk is short at all times. The original result assumes that the underlying graph is triangulated; however1734

the proof still works on regular tilings.1735

Lemma 6.11 (Har-Peled et al. [133, Theorem 1 ]). Given an n-vertex arc-weighted bigon graph G with two1736

bounding paths ! and " , there is a discrete homotopy from ! to " whose frontier walk has (weighted) length at1737

most1738

O
�|! |+ |" |+ f⇤ · (d⇤ +w⇤) · log n

�
,1739

where f⇤ is the maximum size of the faces, d⇤ is the maximum distance between a vertex in G and a vertex on ! ,1740

and w⇤ is the maximum arc weight over all arcs. Furthermore, each arc of G is traversed at most twice by any1741
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the proof still works on regular tilings.1735
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bounding paths ! and " , there is a discrete homotopy from ! to " whose frontier walk has (weighted) length at1737
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Figure 5.1. Swapping the two bounding paths of a bigon.

Bigon graph. The tiling of the universal cover of ⌃
induced by the cut graph X decomposes the disk bounded
by �̂ into pieces; we call this decomposition the bigon

graph. More formally, we define the bigon graph G as
follows. The vertices of G are the two endpoints of �̂ , the
intersections of � and ⇢ with edges of the tiling, and the
vertices of the tiling in the interior of �̂ . The edges of G
are subpaths of �[⇢ and subpaths of tiling edges bounded
by these vertices. Finally, the bounded faces of G are the
components of the intersection of each tile with the interior
of �̂ . We emphasize that the intersection of a single tile
with the interior of �̂ may have several components.

Lemma 4.1 and the crossing property of the cut graph
X imply that at most O(n) tiles of ⌃ intersect the two
bounding paths � and ⇢ of �̂ . Thus Lemma 5.1 implies that
the bigon graph G has at most O(n) faces, and therefore
O(n) vertices and edges by Euler’s formula.

Discrete homotopy. We now construct a discrete ho-
motopy [8,9,31] through the bigon graph G that transforms
one bounding path � of the bigon into the other bounding
path ⇢. This discrete homotopy is a sequence of walks
in G—which may traverse the same edge in G more than
once—rather than a sequence of generic curves. In the next
section, we will carefully perturb these walks into generic
curves, and implement each step of the discrete homotopy
as a finite sequence of homotopy moves.

Let W be a walk on the bigon graph G from one
endpoint of the bigon to the other. A spike in W is an
edge of G followed immediately by the same edge in the
opposite direction. We define two local operations for
modifying W ; see Figure 5.2.

• Face move: Replace a single edge e in W with the
complementary boundary walk around some face f
of G that is incident to e.

• Spike move: Delete a spike from W and decrease the
length of W by two.

We emphasize that after a face move across face f , the
frontier walk W may traverse some edges of f more than
once; moreover, these multiple traversals may or may not
be spikes. Because every face f is a disk and the edge
e and its complementary boundary walk share endpoints,
any face move can be implemented by a homotopy across f .

Similarly, a spike move can be implemented by a homotopy
in the edge containing the spike. A discrete homotopy in
G is a finite sequence of face moves and spike moves. We
refer to the current walk W at any stage of this homotopy
as the frontier walk.

Figure 5.2. A face move and a spike move.

We construct our discrete homotopy from � to ⇢ as
follows. The initial frontier walk W is equal to � (viewed
as a walk in G). Let T be an arbitrary spanning tree of
the bigon graph G that includes every edge in ⇢, and let C
be the complementary spanning tree of the dual graph G⇤.
We first perform a face move within in each face of G,
following a preorder traversal of C; that is, we move W
across a face f only after moving W across the parent of f
in C . (See Figure 5.3.) After all faces have been processed,
we repeatedly remove spikes from W , until no more spikes
remain. It is not hard to see that we require one spike move
for each edge of T that is not an edge of ⇢. At the end of
this procedure, the frontier walk W coincides with ⇢.

Figure 5.3. The frontier walk after eight face moves, following a
preorder traversal of the dual spanning tree.

This sequence of graph moves guarantees a crucial
multiplicity property: At every stage of the discrete
homotopy, the frontier walk W traverses each edge of G
at most twice. Specifically, W traverses each edge of � at
most once, and W traverses an edge e that is not in � only
if a face move has been performed on a face incident to
e. Each edge is incident to at most two faces. It follows
immediately that the length of W (that is, the number of
edges) is always at most twice the number of edges of G.

5.4 Fine Homotopy

Finally, we refine the discrete homotopy in the previous
section, first by perturbing the moving frontier walk so

The authors have placed this paper in the public domain.
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frontier walk in the discrete homotopy.1742

Set the weight of each arc e in the bigon graph G to 0 if e is on the bounding path λ or ρ, and set the weight to1743

1 otherwise. By Lemma 6.10, the maximum distance between a vertex in G and a vertex on λ is at most O(log n).1744

Now apply Lemma 6.11 to G, one obtains a discrete homotopy from λ to ρ where all the frontier walks have at1745

most O(g log2 n) arcs of X̂ not on λ or ρ, and each arc of G is traversed at most twice by any frontier walk in the1746

discrete homotopy. By crossing property of the cut graph X , there is at most O(n) crossings between γ̂ and X ,1747

and therefore together with Lemma 6.1 all the frontier walks have at most O(gn log2 n) crossings with γ̂. We1748

refer these as the frontier property of the coarse homotopy, summarized as follow: At every stage of the discrete1749

homotopy,1750

(a) the frontier walk W passes through at most O(g log2 n) arcs of X̂ not on λ or ρ,1751

(b) the frontier walk W intersects (the original) γ̂ at most O(gn log2 n) times, and1752

(c) each arc of G is traversed at most twice by any frontier walk in the discrete homotopy.1753

6.3.4 Fine Homotopy1754

Interactions between the moving frontier and the original curve present a significant subtlety in our algorithm.1755

We refine the discrete homotopy in the previous section, first by perturbing the moving frontier walk so that after1756

every graph move γ is a generic curve, and then by decomposing the perturbed graph moves into a finite sequence1757

of homotopy moves.1758

Perturbing the frontier. First, given the frontier walk Ŵ at any stage of the coarse homotopy, perturb Ŵ into1759

a simple path in the universal cover Σ̂. Based on the frontier property (c) of the coarse homotopy described in1760

Section 6.3.3, combinatorially there is only one such perturbation. We will denote the perturbed frontier walk1761

in Σ̂ by ω̂. Project the perturbed frontier walk ω̂ back to the surface Σ to obtain the frontier curve ω. Notice1762

that the number of self-intersections of ω near any vertex of (the original) γ is at most 4 (locally it looks like the1763

symbol #). The frontier curve ω is not necessarily generic, as subpaths of ω near the cut graph X could overlap1764

each other in unspecified ways.1765

To specify the perturbation near the cut graph X , we define a convenient family O of open sets, which we1766

call bubbles, that covers the cut graph X and its complement face in Σ, following a construction of Babson and1767

Chan [17]. (See also Erickson [89].) Each bubble in O is either a vertex bubble, an arc bubble, or a face bubble.1768

The vertex bubbles are disjoint open balls around the vertices of X . The arc bubbles are disjoint open1769

neighborhoods of the portions of the arcs of X away from the vertices. Finally, the face bubble is an open1770

neighborhoods of the portions of Σ \ X away from the vertices and the arcs; there is only one face bubble in O.1771

The intersection of all pairs of two bubbles of different types is the disjoint union of open disks, one for each1772

incidence between the corresponding vertex and arc, vertex and face, or arc and face of X . See Figure 6.7.1773

Figure 6.7. Vertex bubbles, arc bubbles, and face bubbles.
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Theorem

Any closed curve with $ vertices, on any orientable surface, 
can be tightened using O($4) homotopy moves. 
▹ N+";$A?4$G:"*>6"%()=6!"F6",66<"*+")6;+4=6"O($)";$,C(43)"@$C+,;D"

▹ J6")6;+4=6"63%>";$,C(43)"@$C+,"(;$,C"O($)"C)3?>"A+=6;D"

▹ J6"$A?46A6,*"63%>"C)3?>"A+=6"(;$,C"O($2)">+A+*+?:"A+=6;D
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Figure 6.5. Swapping the two bounding paths of a bigon.

next section, we will carefully perturb these walks into generic curves, and implement each step of the discrete1719

homotopy as a finite sequence of homotopy moves.1720

Let W be a walk on the bigon graph G from one endpoint of the bigon to the other. A spike in W is an arc of1721

G followed immediately by the same arc in the opposite direction. We define two local operations for modifying1722

W; see Figure 6.6.1723

• Face move: Replace a single arc e in W with the complementary boundary walk around some face f of G1724

that is incident to e.1725

• Spike move: Delete a spike from W and decrease the length of W by two.1726

We emphasize that after a face move across face f , the frontier walk W may traverse some arcs of f more than1727

once; moreover, these multiple traversals may or may not be spikes. Because every face f is a disk, the arc e and1728

its complementary boundary walk around f share endpoints, and thus any face move can be implemented by a1729

homotopy across f . Similarly, a spike move can be implemented by a homotopy in the arc containing the spike. A1730

discrete homotopy in G is a finite sequence of face moves and spike moves. We refer to the current walk W at any1731

stage of this homotopy as the frontier walk.1732

Figure 6.6. A face move and a spike move.

The following result by Har-Peled et al. [133] guarantees the existence of some discrete homotopy whose1733

frontier walk is short at all times. The original result assumes that the underlying graph is triangulated; however1734

the proof still works on regular tilings.1735

Lemma 6.11 (Har-Peled et al. [133, Theorem 1 ]). Given an n-vertex arc-weighted bigon graph G with two1736

bounding paths ! and " , there is a discrete homotopy from ! to " whose frontier walk has (weighted) length at1737

most1738

O
�|! |+ |" |+ f⇤ · (d⇤ +w⇤) · log n

�
,1739

where f⇤ is the maximum size of the faces, d⇤ is the maximum distance between a vertex in G and a vertex on ! ,1740

and w⇤ is the maximum arc weight over all arcs. Furthermore, each arc of G is traversed at most twice by any1741
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We now describe how to draw the frontier curve ! near the cut graph X so that the complexity inside each1774

bubble of X is controlled. We model each arc bubble as aEuclideanrectangle containing several straight segments1775

parallel to the arc, which we call tracks , arranged so that each track in the arc bubble ofe intersects" transversely.1776

(The metric is merely a convenience, so that we can write ÒstraightÓ and ÒparallelÓ; the tracks can be deÞned1777

purely combinatorially.)1778

Figure 6.8. Closeup of an arc bubble of some arc e in X, showing subpaths of the frontier ! sticking to subpaths in e, including the
perturbations of two spikes.

Now consider a frontier curve ! ; each maximal subpath along some arce of X is drawn on a unique track in1779

the arc bubble of e. Moreover, when ! switches from arc e to another arc e! (including at the tip of a spike at a1780

vertex of X, which we view as a zero-length walk), there is a corner at the intersection of those two tracks. The1781

part of ! that follows the bounding paths # and $ stays unchanged.1782

Thus, every subpath of! inside the arc bubble of some arce alternates between tracks parallel toe and either1783

(1) tracks parallel to other arcs or (2) parallel to the bounding paths # and $ . Intuitively, we say that a subpath of1784

! sticks to an arc of X if the subpath lies on some track in the corresponding arc bubble. Similarly, we say that a1785

subpath of ! sticks to the bounding paths # and $ if the corresponding subpath of öW traverses arcs ofG on ö#1786

and ö$ in the universal cover ö! . See Figure6.8.1787

Graph moves revisited. In our perturbed homotopy, we require every face move to be performed entirely within1788

the corresponding face bubble, and every spike move to be performed entirely within the corresponding arc1789

bubble, while maintaining the track structure of the perturbed frontier ! . To this end, we introduce two additional1790

graph moves for modifying the frontier curve ! .1791

¥ Arc move: Move a maximal subpath sticking to an arc e of X into an incident face bubble, within the arc1792

bubble of e implemented by switching tracks.1793

¥ Vertex move : Move the curve across a vertexv of X within the corresponding vertex bubble.1794

Figure 6.9. An arc move and a vertex move.

The arc moves and vertex moves can be seen as preprocessing steps to ensure that a subpath of! lies in the1795

proper face or arc bubble before performing a face or a spike move. Thus, our perturbed coarse homotopy still1796

follows the outline given in Section 6.3.3, but now each face move might be prefaced by a single arc move, and1797

each spike move might be prefaced by a single vertex move, as shown in Figure6.10.1798
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Figure 5.1. Swapping the two bounding paths of a bigon.

Bigon graph. The tiling of the universal cover of ⌃
induced by the cut graph X decomposes the disk bounded
by �̂ into pieces; we call this decomposition the bigon

graph. More formally, we define the bigon graph G as
follows. The vertices of G are the two endpoints of �̂ , the
intersections of � and ⇢ with edges of the tiling, and the
vertices of the tiling in the interior of �̂ . The edges of G
are subpaths of �[⇢ and subpaths of tiling edges bounded
by these vertices. Finally, the bounded faces of G are the
components of the intersection of each tile with the interior
of �̂ . We emphasize that the intersection of a single tile
with the interior of �̂ may have several components.

Lemma 4.1 and the crossing property of the cut graph
X imply that at most O(n) tiles of ⌃ intersect the two
bounding paths � and ⇢ of �̂ . Thus Lemma 5.1 implies that
the bigon graph G has at most O(n) faces, and therefore
O(n) vertices and edges by Euler’s formula.

Discrete homotopy. We now construct a discrete ho-
motopy [8,9,31] through the bigon graph G that transforms
one bounding path � of the bigon into the other bounding
path ⇢. This discrete homotopy is a sequence of walks
in G—which may traverse the same edge in G more than
once—rather than a sequence of generic curves. In the next
section, we will carefully perturb these walks into generic
curves, and implement each step of the discrete homotopy
as a finite sequence of homotopy moves.

Let W be a walk on the bigon graph G from one
endpoint of the bigon to the other. A spike in W is an
edge of G followed immediately by the same edge in the
opposite direction. We define two local operations for
modifying W ; see Figure 5.2.

• Face move: Replace a single edge e in W with the
complementary boundary walk around some face f
of G that is incident to e.

• Spike move: Delete a spike from W and decrease the
length of W by two.

We emphasize that after a face move across face f , the
frontier walk W may traverse some edges of f more than
once; moreover, these multiple traversals may or may not
be spikes. Because every face f is a disk and the edge
e and its complementary boundary walk share endpoints,
any face move can be implemented by a homotopy across f .

Similarly, a spike move can be implemented by a homotopy
in the edge containing the spike. A discrete homotopy in
G is a finite sequence of face moves and spike moves. We
refer to the current walk W at any stage of this homotopy
as the frontier walk.

Figure 5.2. A face move and a spike move.

We construct our discrete homotopy from � to ⇢ as
follows. The initial frontier walk W is equal to � (viewed
as a walk in G). Let T be an arbitrary spanning tree of
the bigon graph G that includes every edge in ⇢, and let C
be the complementary spanning tree of the dual graph G⇤.
We first perform a face move within in each face of G,
following a preorder traversal of C; that is, we move W
across a face f only after moving W across the parent of f
in C . (See Figure 5.3.) After all faces have been processed,
we repeatedly remove spikes from W , until no more spikes
remain. It is not hard to see that we require one spike move
for each edge of T that is not an edge of ⇢. At the end of
this procedure, the frontier walk W coincides with ⇢.

Figure 5.3. The frontier walk after eight face moves, following a
preorder traversal of the dual spanning tree.

This sequence of graph moves guarantees a crucial
multiplicity property: At every stage of the discrete
homotopy, the frontier walk W traverses each edge of G
at most twice. Specifically, W traverses each edge of � at
most once, and W traverses an edge e that is not in � only
if a face move has been performed on a face incident to
e. Each edge is incident to at most two faces. It follows
immediately that the length of W (that is, the number of
edges) is always at most twice the number of edges of G.

5.4 Fine Homotopy

Finally, we refine the discrete homotopy in the previous
section, first by perturbing the moving frontier walk so

The authors have placed this paper in the public domain.



Improvements

‣ Theorem: Any closed curve with $ vertices, on any orientable 
surface with genus 0O"can be tightened using O(0$3 log2$) 
homotopy moves. 
▹ R>++;6"3"%+3);6">+A+*+?:"F$*>";A344"7,),&,./"7'%07& D 

3P&*[V#"#/+R&CC#*.+4&"&U&(.$D0*+4./.*D$0"D?+<S68F"

‣ Theorem: Any closed curve with $ vertices, on any orientable 
surface with genus 0 !$5"*XY"*,($5!+%'2O can be tightened 
using O((0+* )$3) homotopy moves. 

▹ P;6"3"0+''5/"2/2&')",-"!+42 "$,;*63<"+G"3")6<(%6<"%(*"C)3?>D"

▹ U(34"+G"*>6"(,$=6);34S%+=6)"*$4$,C"$;"3"*)66D



Open problems

‣ J>3*"3@+(*"$,$ S+)$6,*3@46";()G3%6;j"
▹ N>6)6"A3:"@6",+";$,C(43)"A+,+C+,;"+)"@$C+,;D"

▹ O($2)"A+=6;";(GB%6"$,"*>6"?)+\6%*$=6"?43,6"+)"#k@$(;"@3,<D"

l R3,"F6"$A?)+=6"?)+\6%*$=6"?43,6"*+"O($3/2)?"

▹ b+"+*>6)",+,*)$=$34"(??6)"@+(,<;"&,+F,D"

‣ J>3*"3@+(*")(1&%%()=6;j"
▹ b+",+,*)$=$34"(??6)"@+(,<;"&,+F,"-F$*>";A344"6H%6?*$+,;1D"

‣ J>3*"3@+(*"),$,&,$' ">+A+*+?:j"
▹ b+",+,*)$=$34"(??6)"@+(,<;"&,+F,"-F$*>";A344"6H%6?*$+,;1D"

l '(*"9),3(<"3,<"m;$6,"3)6"C6**$,C"%4+;6[



Summary

Surface O( ) Ω( )
Sphere or plane $3/2 $3/2

Projective plane $2 $3/2

Sphere with holes $2 $2

Torus $2 $2

Orientable, simple curve $2 $2

Orientable w/bdry $3 $2

Orientable w/o bdry $3 log2 $ $2

Nonorientable exp($) $2



Thank you!
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