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Homotopy moves

Q- XX XAy

» Theorem: 9,:"%4+,6<"%()=6"$,"*>6"?43,6"%3,"@6";$A?4$B6<’

(;$,C"I"#$%&"S()*'+",- ">S+A+*+?."A+=6;D
34(#.".(5+67689+:"H#:& H*+6T<8O+:"H:& [H*+=* >>?+6T<@9+AH.[#-#.2(H*+67T<@9
B*&C?D'+67E79+: >H# (+6 TEEQ+:>H'# (+6776F

How many?



Previous results

» O(! 2)">+A+*+?:"A+=6;"3)6"34F3:;";(GB%%$6,*
3H#$%1%#8()(G+B*H'|&0-+678 @ G+J*&'K.?L67@6G+I#D+67TEMG+N*O#-$#*+67TE7G+O#
+$,-.,/010)12  +P&??2+&/+4KD((+677QG+RD1.2+<SSSG+TF+

» Q(!)">+A+*+2:"A+=6;"3)6";+A6*$A6;",6%6;;3):
3(*U.&'F



Steinitz's Theorem 34(#.'.(5L6768F

A graph is the 1-skeleton of a convex polytope in R3
if and only if it is planar and 3-connected.




Medial graph G* 3N&.(+6E@ @9+4(#.".(5+67¢

» #6<$34"=6)*6H"G+)"63%>"6<66"+G"
» #6<$34"6<C6"G+)"63%>"%+),B)"+G"



Medial graph G* 3N&.(+6E@ @9+4(#.".(5+67¢

» #6<$34"=6)*6H"G+)"63%>"6<66"+G"
» #6<$34"6<C6"G+)"63%>"%+),B)"+G"



Medial graph G* 3N&.(+6E@ @9+4(#.".(5+67¢

» #6<$34"=6)*6H"G+)"63%>"6<66"+G"
» #6<$34"6<C6"G+)"63%>"%+),B)"+G"




Medial graph G* 3N&.(+6E@ @9+4(#.".(5+67¢

» #6<$34"=6)*6H"G+)"63%>"6<66"+G"
» #6<$34"6<C6"G+)"63%>"%+),B)"+G"



Steinitz's Lemma 1 34(#.'.(5L6768F

Every 4-regular plane graph contains either
an").&/"),$,0,$ "or a")%%$%)!1"*%0,B

|.>D' - -&"+[.>D’



Steinitz's Lemma 1 34(#.'.(5L6768F

Every 4-regular plane graph contains either
an").&/"),$,0,$ "or a")%%$%)!1"*%0,B

A As A

¥ig 81.

Abb. 175.
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Steinitz's Lemma 2 34(#.'.(5L6768F

Every non-empty minimal bigon contains !&"1'12&"&3,"
&+%!$0(1!+"-14'Pone adjacent to each side).

A As 4




Steinitz's Lemma 2 34(#.'.(5L6768F

Every non-empty minimal bigon contains !&"1'12&"&3,"
&+%!$0(1!+"-14'Pone adjacent to each side).

+"F6"%3,")6<(%6"3,:"A$,$A34" @$C+,"*+"3,"
)& "@$C+,"(;$,C177"A+=6;

Ny,
NE)
()

s 8(4)

)

Abb, 179. Abb. 180.



Steinitz's Algorithm 34(#.'.(5L6768F

» J1>$46"*>6)6"3)6"=6)*$%6;"
> KG"*>6)6"$;"3,"6A?*:"A+,+C+,!")6A+=6"$*"F$*H"8"A+=6"

> L*>6)F$;6!'empty"3,:"A$,$A34" @$C+,"F$*+ T A+=6;!
3,<"*>6,"remove"$*"F$*>"3"B"'A+=6"
Lts o

» L-' 1"A+=6;"?6)"@$C+,MB2) A+=6;



Positive 3! 3 moves 3J#D+V*DU&'L677WF

N>6.,&'$&%! HG"3"%()=6"$;"*>6";(A"+G"$*:"G3%6"<62*>:D

If a curve has no empty mongons or empty bigons,
then some 3-3 move 5'4+'12'2"%&2". &'$&%.!1

%




Feo and Provan's Algorithm 3J#D+V*DU&'L677WF

» J>$46"*>6)6"3)6"=6)*$%6;"
> KG"*>6)6"$;"3,"6A?*:"A+,+C+,1"?6)G+)AlB8"A+=6"
> 04:6"$G"*>6)6"$;"3,"6A?*:"@$C+,!"?26)GH)B"BHE=6"
> 04:6"26)G+)AP/ "2+:$*$=6177"A+=6"

» O(! )

0($2) A+=6:I"F>6)6"! "M"2+*6 *$34"M";(A"+G"G3%6"<67"



New result 3X%&'>+1* K2?D'L<S6EF

» Every closed curve in the plane with $ vertices can be
simplified using O(! 3/2) homotopy moves, and this bound is
tight in the worst case.

> P??6)"@+(,<"=$3",6F"34C+)$*>A"

> Q+F6)"@+(,<"=%$3"%()=6"$,=3)$3,*;



Planar Upper Bound



Shrinking loops

9,:":$A246":(@4++?"%3," @6")6A+=6<"(;$,C"3*"A3E"
S+A+* 2" A+=6:I"F>6)6" 6"$:"*>6" (A@6)"+G"$,*6)$+)"G3%6: D



Shrinking loops

0,:";$A246";(@4++?"%3," @6")6A+=6<"(;$,C"3*"A3E"
>+A+*+2:"A+=6;"F>6)6" 6"$;"*>6",(A@6)"+G"$,*6)$+)"G3%6;D"

> KG"*>6"4++7"%+,*39%,;"3,:"=6)*$%6;!"F6"%3,")6A+=6"+,6"=6)*6H"F$*>"+,
8! E"A+=6"G+44+F6<"@:"+!67'TA+=6D"

<>y ﬂ)—
Z.

> KG™>6"4++2"@+(,<;"3,:"6A2*"@$C+,;I"F6"%3,")6A+=6"+,6"6<C6"-3,<"
+,6"6A2%:"@$C+,"G3%61"F$*>"+,68"B+=6D

AN




Shrinking loops

9,:":$A246":(@4++?"%3," @6")6A+=6<"(;$,C"3*"A3E"
S+A+* 2" A+=6:I"F>6)6" 6"$:"*>6" (A@6)"+G"$,*6)$+)"G3%6: D

R+,%)3%*$,C"*>6"4++7"<6%)63;6;"*>6";(A"+G"G3%6"<67*>;"@:'
463:*6D



New slow algorithm

» J>$46"+>6)6"3)6"=6)*$%6:!":>)$,&"3,:":$A?46": (@4++?D"

» O(1 ) = 0($2) A+=6;I"F>6)6"! "M"?2+*6,*$34







Tangle

» K,*6);6%*$+,"+G"%()=6"F$*>"3"C6,6)$%"%4+,6<"<$;&"
» '+(,<3):S*+S@+(,<3):"?3*>;"%34462&+!$52
» T3%6"<6?*>;"<6B,6<"6H3%*4."3;"G+)"%()=6,;D




Tightening tangles

Any tangle can be &%07&'$'th O()5 +)2 ) moves, where
) = #vertices, 5 = max face depth, and 2 = #strands

» T$);*")6A+=6"344";$A?46";(@4++70$,) = 0()5 )"A+=6;D"

» N>6,":%)3$C>*6,"344":%)3,<:"90()2 ) A+=6:D




Tightening tangles

Any tangle can be &%07&'$'th O()5 +)2 ) moves, where
) = #vertices, 5 = max face depth, and 2 = #strands

» T$);*")6A+=6"344";$A?46";(@4++70$,) = 0()5 )"A+=6;D"

» N>6,":%)3$C>*6,"344":%)3,<:"90()2 ) A+=6:D

\ ! (
/_\



Useful tangles

J6"%344"3"+3,CABY(1 "$E" > 22"3,<"5"= 0() 1/2)

> R3,"@6"*$C>*6,6<"(;$,00)5" +)2 ) =0() 32)"A+=6;"
> N$C>*6,$,C")6A+=6;"3*"463;*"'>34G"+G"*>6"$,*6)$+)"=6)*$%6;




Useful tangles

Lemma: Every curve admits a useful tangle.
D U6?*>"%+,*+();"<6B’6"3";6V(6’%6"+G"’6;*6<"*3’C46;n
p I(??+;6" F>"*3,C46">3+" _":6)*$0/06;"3,Q-.--;*)3’<;u
> KG"*>6"B)*3,C46;"3)6"344"(;646;;I">@k %2"3,<"*>(;" ) o2 %8




Useful tangles

Lemma: Every curve admits a useful tangle.
D U6?*>"%+,*+();"<GB’6"3";6V(6’%6"+G"’6;*6<"*3’C46;n
p I(??+;6" F>"*3,C46">3+" _":6)*$0/06;"3,Q-.--;*)3’<;u
> KG"*>6"B)*3,C46;"3)6"344"(;646;;I">@k %2"3,<"*>(;" ) o2 %8




New faster algorithm

» J>$46"*>6)6"3)6"=6)*$%6;!"*$C>*6(B;(1 "*3,C46"

» 9,34:;;W"
> N$C>*6,$,C"3"(;6G(4"*3,C46"F$*=6)*$%6;"*3&6)() 3/2)"A+=6;D"
> R>3)C60() 172)=0($1/2)"A+=6;"*+"63%>"<646*6<"=6)*6H"

> 1+")6A+=$,C"344"=6)*$%6;"*3&6)($3/2)"A+=6;D



Planar Lower Bound



Defect 3:. K&*/ +677QF+3:*D"/+677QF

» P,SV(6"%6()=6"$,=3)$3,*"+>3%"$;"X6)+"G+)";$A246"%()=6;"3,<"
06>3,C6:"3;"G+44+F;"(,<6)">+A+*+2:"A+=6:W

1-0 2—0 3—3

..................

» IBA?4$G:$,C"3,:"%()=B)6V($)6;at least |defect(y)/2]"
>+A+*+7?:"A+=6:D



Defect formula 3VD"C&2+677EF

» defect = =2 39y sgn(9) sgn(/)"
> 90/ "AB3,:"=6)*$%6;""3,<"C'3)6% &' +1!4'5"
> sgn(9)"$;"Y3(;;Z2";$C,"%+,=6,*$+,"G+)"=6)*A3B80??+KZ6EWSF+
b1 2"$;"3">F;*+)$%34"3) *BEBW*E77QF




Flat torus knots

T(p, (!) = (cos(q!) + 2)(cos(p! ), sin(p! )

R (O
L/ N2
. (7,8) . (8,7)

)



Flat torus knots

T(p, (!) = (cos(q!) + 2)(cos(p! ), sin(p!))

=N\
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Defects of flat torus knots

)

» défect(T(p,p+!)) =" M (n" ") 3IU#\D%&* +#(+&"Z+<SBQF
» défect(T(q+!,9)) =! " 2 =11 (n"") 3P&C&?%. +H(+&"Z+<SB<F

: p+!
» defect(T(p,ap+!))="a =1 (np)

#

» Yefect(T(ag+1,9)) = —2a <g> = —0(nq)

) dléfeCt(T(Fk+1,Fk)) = defeCt(T(Fk! 11Fk)) — (Fk | 1)(Fk | 2)/ 2= (n)



Open problem 1

> 2)6=$+(;"L-' 21SA+=6"34C+)$*>A;"3)6.&,$
> N>6:",6=6)"?6)G+)A"8E"+)"8 ."A+=6;"
b 1+"%>6" (A@6)"+G"=6)*$%6;",6=6)"$,%)63;6;D"

y ()", 6F"L- ' 321SA+=6"34C+)$*>A")6V($)6ESA+=6;

& —
» Can every $-vertex closed curve be simplified using 0($3/2)

$,$<%%$4+'12%$dmotopy moves? Are Q($2) moves
sometimes necessary? Something in between?




Conjecture 1

» Every loose tangle with no empty monogons or bigons
admits a 3-3 move that decreases the sum of face depths.

> N>$:"F+(4<"$A?)+=6""1$5">+ ?21$@2"34C+)$*>A"*+"13/21"A+=6;[



Conjecture 1

» Every loose tangle with no empty monogons or bigons
admits a 3-3 move that decreases the sum of face depths.

> N>$:"F+(4<"$A?)+=6""1$5">+ ?21$@2"34C+)$*>A"*+"13/21"A+=6;[

» P,G+)*(,3*64:1"*>$;"%+,\6%*()6"$;"G34:6]




Conjecture 2

» Every 4-regular plane graph has either an empty monogon
or a bigon containing O($'/2) faces.

> N>$;"F+(4<"$AAB<$3*64:"$A?)+AB % %D E) $*>A"*+"LUEL"A+=6;[



Conjecture 2

» Every 4-regular plane graph has either an empty monogon
or a bigon containing O($'/2) faces.

> N>$;"F+(4<"$AAB<$3*64:"$A?)+AB % %D E) $*>A"*+"LUEL"A+=6;[

b P,G+)*(,3*64:1">$:" 00+ \6%*()6"$;"34:+"G34:6]



C?'+/ loop and '?'+/ bigon contains Q($) faces.

“Fibonacci cube”



“Fibonacci cube”

C?'+/ loop and '?'+/ bigon contains Q($) faces.



“Fibonacci cube”

C?'+/ loop and '?'+/ bigon contains Q($) faces.



Electrical Reduction



Electrical transformations

Q++7")6<(%*$+, 23)34464")6<(%*$+, A ™)3,,GH)AZRSH,

R~ a XOH> <J\Kﬁik
RN SNEDES SR

Q63G")6<(%*$+, 16)$6;")6<(%*$+, A3 -G+H)ASFEH,




Resistor network analysis HI'S$ 11" JKLLM

+ EE+2
R o= a 3O>0< /X




» 6;9;*+)",6*F+)&"3,34:;8;" 3 #mcreE7?H

» OR"%$)%($*"3,34: Bph 24 +6780F

b [>+)*6;*"23*>:"3 <"ASHSA(A"a+F;" 3:212+88F
» b6*F+)&")64$3@$4$*:"6;*$A3*$+,

3 %-&'+8WI+N*&"/ .+EW9+X%&*.+J#D+V*DU&'+789J'r'N*O#-$#*+S<F

» #(4*$%+AA+<$*"a+F;3iup+EMF

» R+(,*$,C";?3,,$,C"*)66;!"?6)G6%*"A3*%>F,C;!"3,<"%(*;
3XD"IDO*'+V*DU&'+O#*(.>&':L'7MF

» Y6,6)3435X6<"Q3743%%$3,"4%,63)";:;*6A,;

3B*#-1&'+789+R&2&%&*&+N&28&% & ?% .+ 78F

» R$)%(43)"243,3)",6*F+)&:

3XD".'+/#+O#*/._*#9+B.("#*9+O#*(.>&'+786+XO*(.?9+">#*-&'9+I,'D**D1+7EF
» 53,6A3*$%"3,34::$;"+G"3)*$%(43*6<") +@xkAs" +NvD-8 2+ 5<F
) T4+F"6:*BA3*S+,"G)+A", +$::"AB3:()BAB, *:" 3\0ve +B4 >#+S@F



Dual pairs

UBC)66S.")6<(%*$+, 16)$6;S?73)34464")6<(%*$+, A "93,:G+)A3*$+,

Ny % Ny
- Ha<e>

= R




Electrical reduction 34(#..(5+67689+1$.a8'DU+6788F

Any .1!$!+ graph can be reduced to a single vertex using a
#$5%&"$()*'+ of electrical transformations.

:é%\i%\i\ﬁ

How many?

p- . R

N
ZON AN




Medial graph G* 3N&.(+6E@ @9+4(#.".(5+67¢

» #6<$34"=6)*6H"G+)"63%>"6<66"+G"
» #6<$34"6<C6"G+)"63%>"%+),B)"+G"



Medial graph G* 3N&.(+6E@ @9+4(#.".(5+67¢

» #6<$34"=6)*6H"G+)"63%>"6<66"+G"
» #6<$34"6<C6"G+)"63%>"%+),B)"+G"



Medial graph G* 3N&.(+6E@ @9+4(#.".(5+67¢

» #6<$34"=6)*6H"G+)"63%>"6<66"+G"
» #6<$34"6<C6"G+)"63%>"%+),B)"+G"




Medial graph G* 3N&.(+6E@ @9+4(#.".(5+67¢

» #6<$34"=6)*6H"G+)"63%>"6<66"+G"
» #6<$34"6<C6"G+)"63%>"%+),B)"+G"



Medial electrical moves 34(#. (5+6768F

%

% Ne N/
A< N



Medial electrical moves 34(#. (5+6768F

Q- X

3—3



Medial electrical moves 34(#. (5+6768F

Q- - X XAy



Medial electrical moves 34(#. (5+6768F

Q- - X XAy

N'/O"&7'2™1,,P"-1)%1%!+F



[ #(# KD'(*&K

R

)%$,+




/\/# H(H % KD'(* &K>{<

)%$, +



[ #(# KD'(*&K

R

)%$, +

o) (

2),,&7%3$0




Smoothing Lemma

Reducing any 4,$$'4&'5".+,."+")%%$,+ of Qrequires 2&+%4&1/
-'3'+ electrical moves than reducing Q.

SN*O#-$#*+67E79+B.("#*+6776F



Reduction Lemma

The minimum # electrical moves to reduce G is |1&"1'12&the
minimum # homotopy moves to simplify G*.

» Proof:""6?243%6"+>6"B); ' EA+=6"F$*>"3"E 8"A+=6
*>6,"372?4:"*>6"A$,+)"46AA3"3,<"$,<(%*$+,D

3RDI"#+b#"?%+<SSSF



Electrical Lower Bound 3X%&'>+1* K2?7D'+<SBEF

For all P, the Px(2P-1) cylindrical grid graph requires Q(P8) =
()($3/2) electrical moves to reduce.




Electrical Lower Bound X8>+ K27D'+<SEEF

For all P, the Px(2P-1) cylindrical grid graph requires Q(P8) =
()($3/2) electrical moves to reduce.

> Proof: Its medial graphis ; (2P, 2P: 1).




Higher-Genus Lower Bound



SX%&'>+!* K27?7D'+ M (?KYo#*

Lowel“ bound [#,#?-&C+AKY%"# .- #*+A#/>1 K2+

N%0*?(D'+N.""-&"+<S6EF

» On any surface with genus>0, simplifying a 4,$&+!4&%*1'
curve requires Q(! 2) homotopy moves in the worst case.

» #3*00>6;"&,+F," O($2)"(??6)"@+(,<BP&a22+4KD((+677QF34(#. .(5+6 76 @F

> O$*>6)"*>6"%6()=6"$;"34)63<:";$A?46"+)"$*">3;"3"4++7"+)"3" @$C+,D"

» K*':(GB%6;"*+"%+,:$<6)" 8IS (+'5 "1!$" ¥ := R2\{, }"F>6)6"
D'$:"3,"3)@%$%)3):"2+$,*" %3446 956D S



Defect?

» N>6)6"3)6"%()=6,"+,"*>6"*+)(;"F$*3$455%) (n?)"

> DDD@ (*"*>6"6H3A?46:"F6"&,+F"3)6" +*"%+,*)3%*$@46D

 \—H—) N \Je
b \_b b \_b
: 11/ - \\\\\\'c : \\'C

"~ "~ "~ \—~
n/8 n/8 n/8 n/8



The bad curve

_______________________________________________________________________________________________________




Winding number

» 6%!37, 8)"M",(A@6)"+G"*$AFFS,<;"%%F"3)+(,<$"

p 9*" 24+ *"B" +*'+,"N"CH=6,"@1'9!$5'+"$()*'+%$0 W
3,#.2(#*+6@ @ SF3,cl.0?7+6ESMF3:"#;&' /#*+6 7<EF

> 9*'=6)*$%6:!"3=6)3C6"*>6"F$,<$,C" (A@G)

+G"344"G+()"$,%$<6,*"G3%6;
\ &——? = = N




Winding Lemma

> 03%>"77"A+=6"%>3,C6;"*>6"F$,<$,C",(A@6);"+G"6H3%*4:"
*>)66"=6)*$%6;!"63%>"@:"6H3%*4.". D"

» . >8"3,<"E>8"A+=6;"<+",+*"%>3,C6"*>6"F$,<$,C",(A@6);"+G"
3,:"=6)*$%6;D

Q~ A X K F



Vertex types

» R+,,$<6)"3"%+,%)3%*$@46"%4+;6 <KD"
 IA++%>$,C"Y'3%3,"=6)*6H " $64<; "*F+"%()=67F"3,<"R D"

» UBB,6'8/." (9) := 3%$ER0")"

» €6)*$%6;"3,<"5+&*,).1")'$&!+/  "$&!' (9) = -&/.' (BD



Type Lemma

b D+"S+HA+*H2"A+=6"06>3,C6;"*>6"+:26"+G"3,:"=6)*6HD™"
» O=6):".58"A+=6"<646*6:"3"=6)*6H"+G"*:26"8D"
» O=6):"B8"A+=6"<646*6;"*F+"%+A?46A6,*3):"=6)*$%6:D

o Yo
o ot Yo



Vertex matching

o # S % & ( ) = n Mo Ix ( ' & % $ # "

» O=6):">+A+*+72:"*>3*"0h+ ¥)30p*;"*>6"@3<"%()=6"<6B,6;"3"
A3*%>$,C"@6*F66,"%+A?46A6,*3):"=6)*$%6;D"

> K,"6=6):"(%>"A3"%>$,C"G+)"™>$;"%()=6!"">6"<3$G(G6)6,%6;"+
F$,<$,C",(A@6);";(A"*+" Q(! 2)



Vertex matching

s %o () o Py (& % $ #

b O=6):">+A+*+7:"*>3%" 0+ *)306*:"*>6" @3<"%()=6"<6B,6;"3"
A3*%>$,C"@6*F66,"%+A?46A6,*3):"=6)*$%6;D"

> K,"6=6):"(%>"A3"%>3,C"G+)"™>$,"%()=6!"*>6"<$G(G6)6,%6;"+
F$,<$,C",(A@6);";(A"*+" Q(! 2)



Higher-Genus Upper Bound



ISRAEL JOURNAL OF MATHEMATICS, Vol. 51, Nos. 1-2, 1985

INTERSECTIONS OF CURVES ON SURFACES

BY

JOEL HASS* AND PETER SCOTT®
“Mathematics Department, University of Michigan, M1 48109, USA;
and *Department of Pure Mathematics, University of Liverpool,
P.0.Box 147, Liverpool L69 3BX, England

ABSTRACT
The authors consider curves on surfaces which have more intersections than the
least possible in their homotopy class.

THEOREM 1. Let f be a general position arc or loop on an orientable surface F
which is homotopic to an embedding but not embedded. Then there is an
embedded 1-gon or 2-gon on F bounded by part of the image of f.

THEOREM 2. Let f be a general position arc or loop on an orientable surface F
which has excess self-intersection. Then there is a singular 1-gon or 2-gon on F
bounded by part of the image of f.

Examples are given showing that analogous results for the case of two curves on
a surface do not hold except in the well-known special case when each curve is
simple.

Let C, and C, be simple closed curves on the annulus A. It is easy to show that
if C; and C, intersect and do so transversely, then there must be a 2-disc D in A
whose boundary is A; U A, where A; is a sub-arc of C;. We call such a disc a 2-gon
between C; and C,. If two simple closed curves C, and C, on a surface F
intersect transversely, we will say that C, and C; have excess intersection if one of
them can be homotoped so as to reduce the number of intersection points with
the other. The natural generalisation of the above result about two curves on the
annulus is that if C; and C; are simple closed curves on a surface F and if they
have excess intersection then there is a 2-gon between C,; and C,. This result is
fairly well known, but, for completeness, we give a proof at the start of §3.
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Let Cy, ..., C; be a system of closed curves on a triangulizable surface S. The
system 1is called minimally crossing if each curve C; has a minimal number of self-
intersections among all curves C; freely homotopic to C; and if each pair C;, C; has
a minimal number of intersections among all curve pairs C;, C} freely homotopic to
C;, C; respectively (i, j=1, .., k, i# j). The system is called regular if each point
traversed at least twice by these curves is traversed exactly twice, and forms a crossing,.

We show that we can make any regular system minimally crossing by applying
Reidemeister moves in such a way that at each move the number of crossings does
not increase. It implies a finite algorithm to make a given system of curves mini-
mally crossing by Reidemeister moves. ! 1997 Academic Press

1. INTRODUCTION AND FORMULATION OF THE THEOREM

Let S be a surface. A closed curve on S is a continuous function
C:S'— S (where S' is the unit circle in the complex plane). Two closed
curves C and C’ are freely homotopic, in notation: C ~ C’, if there exists a
continuous function @:S'x[0,1]—S such that &(z,0)=C(z) and
®(z,1)=C'(z) for all ze S".

In this paper, we consider the question of finding analogous results about the
intersection of two possibly singular loops on a surface and about the self-
intersection of a single loop. Various results in this area have been assumed to be
obvious by some authors. However, we give examples which demonstrate that
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Tightening curves on surfaces

» 9"%()=6"$&%0BL",+">+A+*+23%"%()=6">3;"G6F6)"=6)*$%06;!
1,,2" "+*>6)F%;6D

tight

3P&?7+4KD((+677QF



Tightening curves on surfaces

b 9"06()=6"$LU0BG" +">+A+*+2$%"%()=6">3:"G6F6)"=6)*$%6:

» Theorem: Any closed curve on any surface can be &%07&'$'5

using a #3%&umber of $,$<%%$4+'12%HdmMotopy moves.
3B*&C?D'+67E7F+3:">##'(+6 /TEE96776F+3P&??+4KD((+677QF+3/#+B*&aa9+4K%*.dUs
3V&(#*?D'+<SS<F

y L= 21A+=6:": (GBY%6"G+)"%()=6:"+,"*>6"*+)(:1"+)"$G"*>6"
*$C>*6,6<"%()=6"3$;"; PA?AG22+4KD((+677QF

' 00 E0S)" A+=6:": (GB%6"$,"C6,6)34D"

> T+44+F;"G)+A"%+(,*$,C"fS)6C(43)26)*6H"C6,(:3;()G3%6"A3?:D
S=#'[H#*+X&'ett"[+6 7TEBF



SX%&'>+!* K27?7D'+ M (?KYo#*

NeW upper bound [#,#?-&C+AKY%"# .- #*+A#/>1 K2+

N%0*?(D'+N.""-&"+<S6EF

» Theorem: Any closed curve with $ vertices on any orientable”
surface can be tightened using O($4) homotopy moves.




Steinitz doesn’'t work 3P&??+4KD((+677QF

» b+,SA$,$A34"%()=6;"+,";()G3%6;"<$!'&",6%6;;3)$4:"%+,*3$,"
A+,+C+,;"+)"@$C+,;D




Basic singular monogons 3P&27+4KD((+677QF

» 9"20650(11+7),5,0,% "$;"3"%+,*)3%*$@46";(@4++7?"

» 9".8,C(43)"A+,+C+,"$;"*12%04$G"$*"45G*;" #5585 "4++?"$,"
*>6"(,$=6);34"%+=6)D




Basic singular bigons 3P&27+4KD((+677QF

» 9"20650(11+"*% 0" 3">+A+*+2$%"?39$)"+G" +,5+=6)43??$,C"
(@7?3*>;"

» 9$,C(43)" @$C+,"B2%A$G"$"4$GH " HEES  "@$C+,"$,"
*>6"(,$=6):34"%+=6)




34(#.".(5+6768F

Steinitz almost works 3P&??+4KD((+6770QF

» Lemma:'"Every loose curve on the sphere or the torus has
either an ')*'55'5 loop or an ")*'55'5 bigon."

» Lemma:'Every loose curve on any orientable surface has
either a *12%4"2%3%$0(1monogon or a *!12%4"2%$0(1bigon.




Steinitz still doesn't work

) “6A+=$,C"+,6"G3%6"$,"3" @3;$%";(,C(43)"@$C+,"A$C>*"3<<"
G3%6":+ABF>6)6"64:6]

-_—
Sy \




Steinitz still doesn't work

) “6A+=$,C"+,6"G3%6"$,"3" @3;$%";(,C(43)"@$C+,"A$C>*"3<<"
G3%6":+ABF>6)6"64:6]

<>
—




Tiling

» Q6 Q'@6"3™)$3,C(43*$+,"+G™
%()=6tD"

» R>++:6"3,:"*)66S%+*)66"
<6%+A?+ $*$+S 0" TOHMBD"

» U(34")6<(%6<"%(*"4+%("
+'5(4" ((UUT)*)"

» P,$=6):34"%+=6)"$;"3")6C(43)"
*)$=346,*"34%,C'>EH,;



High-level strategy

» 6263*"(,*$4">6"%()=6"$;"$,"AS, SA34 2+ $* S+, W"

> T$,<"3"@3;$%";$,C(43)"-A+,+C+,"H)1"@HC+," ><> :
D> IFB?"*>6"@+(’<$’C"?3*>;"+@"3;"G+44+F;W




Bigon “geometry”

» R()=6"Y'$,6);6%*+3*"A+;*", "*$A6;"
y [+"3,:"@3:$3%":$,C(43)"@FC+,"$,*6) ;6663 A+:*" "*$AB;"

4 U$,%)6*6"Y3(, ;SI+, ,6*" :>"$1*6)$+)"+G"4$G*6<"@%—F33$, ;u
0($)"G)3CAB,*"+G"*$46;"$,"*>6"*$4$,C"



Coarse homotopy 3)49%'+6768F

b H+=6"+,6"@+(,<3):"+G"*>6"4$G*6<" @C+,"*+"*>6"+*>6)"(;$,C’
O($)"gC)3?>">+A+*+?:"A+=6;hW

~
face I spike
N\

S
arc \m/ node W




Coarse homotopy 3)49%'+6768F

 #426"+,6"@+(,<3):"+G"*>6"4$G*6<"@$C+,"+"*>6"+*>6)"(;$,C
0($)"gC)3?2>">+A+*+2:"A+=6;hW




Bubbles

» R+=6)4'F$*>"+76,"@344;W"
> 9)+(,<"63%>" +<6"
> 9)+(,<"?+)*$+,"+G"63%>"3)%"+(*;$<6"*>6",+<6" @ (@ @46;"
> 9)+(,<"(@;6*"+G"*>6"G3%6"+(*;$<6"*>6",+<6"3,<"3)%" @ (@ @46;"

» J6"26)G+)A"63%>"gC)3?7>"A+=6N"$,:$<6"3"@(@ @46"*+"3=+$
$,*6)G6)6,%6"F$*>"*)3,:43*6:D




Inside bubbles

» T3%6" @ (@ @46Weif*$%6;"
b <+H(@46<"%()=6",6CAB,*>"V(3<)(?46<"=6)*$%6;"

» 9)%" @ (@ @46 \BI'l=6)*$%6:"63%>"
> L-' 1"23)34464"g*)3%&;h"G+)"*)3,:43*6;"+G"*>6"A+=$,C"GTF M
> R)+;;6<"@:"L-" 1"%()=6";6CAB,*;"

» b+<6"@ (@ @46;W1"'=6)*$%6;"63%>"
> OH%>3,C6"@6*F66,"*>)66"$,%$<6,*":6*:"+G"*)3%&;




Graph moves

» T3%6"A+=65"0($)">+A+*+?."A+=6;" \w/

» [?$&6"A+=6"0($2)">+A+*+?:"A+=6;" L

> 9)%"A+=6"0($2)">+A+*+?:"A+=6;"

» €6)*6H"A+=62"0($2)">+A+*+2:"A+=6;




Theorem

Any closed curve with $ vertices, on any orientable surface,
can be tightened using O($4) homotopy moves.
> N+":$A24$G:"*>6"%()=61"F6",66<"*+")6; €4%p"$,C(43)" @$C+,;D"
> J6")6;+4=6"63%>";$,C(43)"@$C+,"(;F)CF)"C)3?>"A+=6;D"
> J6"$A?46A6,*"63%>"C)3?2>"A+=6"(;$,0($2)">+A+*+?:"A+=6:D




Improvements

» Theorem: Any closed curve with $ vertices, on any orientable
surface with genus 0Q@'an be tightened using O(0%$3 log2$)
homotopy moves.

> R>++;6"3"%+3);6">+A+*+?."F$*>";A344),&,./"7'%07& D
P& [VH#"#/+R&CC#H* . +4&"&U&(.$D0*+4./.*D$0"D?+<S68F

» Theorem: Any closed curve with $ vertices, on any orientable
surface with genus 0 !$5"*XY"*,($5!+%'2Ccan be tightened
using O((0+*)%$3) homotopy moves.

> P;6"3"0+"5/'2/2&")" -"1+42  "$,:*63<"+G"3")6<(%6<"%(*"C)3?>D"
b U(34"+G"*>6"(,$=6);34S%+=6)"*$4$,C"$:"3"*)66D



Open problems

» I>3*"3@+(*$,$ S+)$6,*3@46";()G3%6;j"
> N>6)6"A3:"@6",+";$,C(43)"A+,+C+,;"+)"@%$C+,;D"
> 0($7)"A+=6;";(GB%6"$, *>6"?)+\6%*$=6"743,6"+)"#k@$(;"@3,<D"
| R3,"F6"$A?)+=6"?)+H\6%*$=6"243,67$/2)?"
> b+ +>6)", + ) $=$34"(226)"@+(,<;"&, +F,D"

» J>3*"3@+(*)(1&%()=6;]"
b b+ +,5)$=$34"(?76)"@+(,<;"&,+F,"-F$*>":A344"6H%62*$+,:1D"

» I>3¥'3@+(*),$,&,5 "SHA++?"
> b+ +,%)$=$34"(?26)"@+(,<;"&,+F,"-F$*>":A344"6H%62*$+,;1D"
| '(*"9),3(<"3,<"m;$6,"3)6"C6**$,C"%4+;6[



Summary

Surface O() Q()

Sphere or plane $3/2 $3/2

Projective plane $2 $3/2
Sphere with holes $2 $?
Torus $2 $2
Orientable, simple curve $2 $2
Orientable w/bdry $3 $2
Orientable w/o bdry | $3log2$ $2
Nonorientable exp($) $2



Thank you!

N1.?(.'>9+DU#*"&$S$.">+KD"D*.'>+Da+P&2#'h?+BD* N &$Y&x("()*+,"-E8.n1



